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Relaxation and transport of molecular systems in the gas phase

by R. F. SNIDER

Department of Chemistry, University of British Columbia, Vancouver,
Canada V6T 1Z1

Some of the properties of gas phase relaxation and transport are reviewed with an
emphasis on those properties that are due entirely to the presence of internal states
in real molecular systems. The theoretical formulations of such non-equilibrium
effects is based on the quantum Boltzmann equation. The conditions for the
validity and the properties of this equation are reviewed. This includes a general
discussion of how the combination of free molecule motion and collisions is
required for the approach to global equilibrium. It is shown how the free motion
isequivalent to a phase randomization of the elements of the density operator that
are off-diagonal in energy. Spin relaxation and the magnetic field dependence
(Senftleben-Beenakker effects) of the viscosity for a gas of diatomics are used to
illustrate these aspects of the approach to equilibrium.

1. Introduction

The description of the time dependence of a dilute gas is based on the Boltzmann
equation[1]. Essentially the molecules of a dilute gas move freely most of the time, but
every once in a while, two molecules meet in a binary collision. Since the molecules are
almost always free, the bulk properties are well described by the average properties of
a typical molecule. The classic work of Boltzmann considered only structureless
(point) particles so this description was accomplished by a distribution function of
position r and momentum p, which varies with time as the gas evolves. It is this time
variation that the Boltzmann equation describes by takinginto account the two effects
of free motion and binary collisions. Real molecules have internal states that need to
be described by quantum mechanics so that a density operator is needed rather than
a simple distribution function of r and p, with an associated quantum form of the
Boltzmann equation to describe the time variation of the density operator, again
involving free motion and binary collisions. It is this quantum generalization of the
Boltzmann equation and its application to a variety of chemical effects in relaxation
and transport that is addressed in this paper. At normal temperatures it is usually
unnecessary to worry about the quantum degeneracy effects associated with Fermi-
Dirac and Bose—Einstein statistics, so these are ignored, the discussion being limited
to Boltzmann statistics. This does not of course disallow the need for such symmetry
considerations when determining the (intramolecular) internal states of a molecule, it
only ignores intermolecular symmetry effects.

At higher densities, more than two molecules can be interacting so the Boltzmann
equation has to be generalized in order to account for three and more particle
collisions. There also arises the question whether the molecules are ever really ‘free’ or
whether their motion between collisions should be modified to account for the
(continuousbut weak) interaction with other molecules in the gas. These questions are
not addressed in this paper. The form of the classical dilute gas Boltzmann equation
is well accepted in the literature, though there are differences of opinionabouthow, or
even whether, it can be derived in a rigorous manner. For its quantum generalization,
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there has also been some argument aboutitsdetailed form. While these differing points
of view are mentioned in this presentation, the author’s bias of interpretation will
predominate. In the subsequent presentation of the ‘derivation’ of the Boltzmann
equation, the words ‘derive’ are always enclosed in quotes, to indicate this lack of
rigour.

The relation between the exact evolution of the density operator (classical
distribution function) as a rigorous consequence of the Schrodinger equation
(Newton’s equations), and the evolution predicted by the Boltzmann equation has a
long history of conflicting opinion, in part responsible for Boltzmann’s suicide. In
particular, the Boltzmann equation describes an approach to equilibrium whereas the
Schrodinger equation does not. Some discussion of this reversibility—irreversibility
paradox is given, again with a bias for the author’s point of view.

The paper begins with a short section on important aspects of notation and a
review of the exact evolution of an N-molecule system with its constancy of the N-
molecule entropy. Section 3 is devoted to the Boltzmann equation, starting with a
subsection covering the concepts and approximations involved in its ‘derivation’.
While this involves formal manipulations, expressing the results in a matrix
representation so that quantum calculations can be performed becomes nontrivial.
Subsection 3.2 describes the detailed properties of the quantum Boltzmann collision
term, specifically of the transition superoperator. This is fairly technical since it is
necessary to carefully treat the energy differences (frequencies) between the different
quantum states that enter before and after a collision. In many applications, the
resulting expression simplifies significantly. Subsection 3.3 describes the simplest case,
where the 1-molecule density operator is diagonal in the energy basis and the gas is in
local thermal equilibrium, to connect to the set of kinetic equations describing the
chemical kinetics of a set of bimolecular reactions. Generalization to include the
analogue of thermal non-equilibrium and flow and/or diffusion phenomena (while
retaining the requirements that the density operator be diagonalin energy and that the
collisions are local) is the Wang-Chang—Uhlenbeck equation [2]. Aspects of the
approach to equilibrium are discussed in subsection 3.4, emphasizing two limiting
cases. For the Wang-Chang-Uhlenbeck case, Boltzmann’s H-theorem shows how the
localentropy increases until local thermodynamic equilibrium is reached, equivalently
that the distribution is Boltzmann. But global equilibrium still requires an interplay
between the motion of the molecules between collisions and the collision processes
themselves. The second limiting case involves the approach to equilibrium of a density
operator that is initially off-diagonal in energy. In this case the H-theorem has not
been shown to be valid. It is shown how phase randomization can make the density
operator diagonal in an energy representation so that the H-theorem becomes valid.
This approach to equilibrium due to a combination of phase randomization and
collisional motion is identical in principle to the combination of free flow and
collisions responsible for the approach to equilibrium in an inhomogeneous gas.
Subsection 3.4 ends with a short subsection contrasting the 1-molecule and N-
molecule entropies.

To exemplify the utility of the quantum Boltzmann equation, two applications are
reviewed in fair detail. Section 4 describes the relaxation of a spin where an
intramolecular mechanism is dominant. While the spin-lattice and spin-spin relax-
ation times are usually emphasized, the kinetic approach also describes how the
various spins evolve with time in their coupled motion. In this the density operator is
off-diagonal in Zeeman energy so a quantum Boltzmann equation is required for the
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formulation of the spin kinetics. Section 5 describes the relation of the Boltzmann
equation to the equations of hydrodynamics and treats the magnetic field dependence
of the viscosity coefficients with certain simplifying approximations that have been
used for an interpretation of experiment. In both applications it is the partial phase
randomization of the Zeeman energies that are responsible for the detailed
experimental observations of the dependence on the magnetic field. A short discussion
section mentions some of the other applications of the quantum Boltzmann equation.

2. Notation and the exact N-molecule evolution
The whole gas is assumed to consist of N molecules in a volume W. As a
mechanical system, the gas has energy eigenstates determined by its hamiltonian H (™),
and any wavefunction ¥ of the system will evolve according to the Schrodinger
equation
ow
o

H™N w, (1)

i
But the state of the gas can not be described by a single wavefunction, but rather by

a density operator p'™ whose evolution is governed by the von Neumann [3], or
quantum Liouville, equation

ot

1
s
%
E
Q

(N = (N (N (M) (), 2)

Thenotionofa superoperator as a linear transformation of operators, whose notation
was introduced by Crawford [4], is an important concept for the efficient description
of macroscopic kinetic phenomena. The first example of this kind of quantity is the
Liouville superoperator #'™ as the ‘commutator of H' with’. In thermal
equilibrium, the density operator is the time independent Boltzmann distribution

exp(— H™ /k, T) exp(—E [k, T) .
(M= ——=2p SR, (3)
N!Qy ; N!1Qy
involving the energy eigenstates |j> and eigenvalues E of H™,
H™Nj> = E[j>, (4)

and the canonical partition function Q = Tr, yexp (= H™ /k,T)/N!.
The expectation value for an N molecule physical observable 4™ is determined as
the trace Tr, , over the states of the N molecules,

(A>=Tr, A p", (5)
whose time dependence follows from the von Neumman equation,

d i
E<A>: Tr, AN [H™, M) (6)

h
The identity operator 1'"is a particularly important observable, which determines the
normalization of p'™), in particular

Tr, (1MpM =1 (7)
A different kind of quantity of importance for macroscopic behaviour is the entropy

SN = kyTr, M In(N1pY), ®)
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Itis an important aspect of mechanical motion that this entropy does not change with
time,

ds P MIn(N1p™
= k,Tr, P In(N1p)
d¢ ot

k
= l_.,:Tln._.N[ln(N!p‘N’)ﬂL 1™, M

k
= SETrTHO M (V) = 0, ©)
For most chemical systems, the hamiltonian is well approximated as a sum of
1-particle (kinetic) and pair—particle (potential) terms,

HM=YK+XV, (10)
J <1

For a structureless molecule, K| is just the translational kinetic energy pf/m, but for
real molecules this can include the rotation, vibration and electronic hamiltonians. It
can also include the Zeeman hamiltonian describing how the spins are affected by an
external magnetic field. The intermolecular potential ¥, is in general anisotropic and
responsible for chemical reactions. For the evolution of density operators, each of
these terms in the hamiltonian has a corresponding superoperator, namely

T4 =4 [K, A]

VA =01V, Al (11)

i

In a dilute gas, the physical observables are only 1-particle observables, typically
A'M = ¥ .4, and only the 1-molecule reduced density operator

PV = NTr, o (12)

is needed in order to follow the behaviour of 4, since
(A>= Y Tr, yA;pN="Tr 4, pV. (13)
J

It follows that it is the evolution of the simpler quantity p\', in contrast to p' ™), that is
needed for the description of the time dependence of such physical observables. From
the von Neumann equation, this evolution is determined by

(1)
0p)
iEm= K+ T, 7, 62 (14)
Here p‘lg’ is the pair density operator, the second in the hierarchy of density operators

p‘I"__’_n =NWN-D..(N=n+1DTr,,, o (15)

Equation (14) is just the first member of the quantum form of the BBGKY hierarchy,
whose nth member is

0", g " .
it = ) T, LA (16)

This is named after its many discoveries: Bogoliubov [5], Born and Green [6],
Kirkwood [7] and Yvon [8]. These equations depend on reduced density operators of
higher and higher order, so can not be solved by themselves. Thus they are in that
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sense, just a formalism, but these equations serve as a structure for making
approximations for finding a closed equation for the evolution of p‘l”. Such an
approximation is the Boltzmann equation.

3. Boltzmann equation
3.1. “Derivation’

In a dilute gas, the molecules move independently most of the time and undergo
binary collisions every once in a while. For this picture to be valid, the intermolecular
potential must be short ranged. This implies that charged particles with their long-
ranged coulomb interaction must be treated in a different manner, and will not be
treated in this presentation. The motion of a typical molecule is described exactly by
the first BBGKY equation (14). Clearly the independent (free) motion is described by
the 9%, term, so that collisions are associated with the trace term. But to get an
equation that can be solved, itis necessary to approximate the trace term in such a way
that it can be evaluated entirely in terms of the singlet density operator p‘l”. This is the
essence of the Boltzmann equation.

The trace term in equation (14) involves the interaction V,, between two particles.
The particles get into such an interaction by coming together from being freely moving
in an independent manner before the interaction (collision) plays a significant role.
Thus, if one takes the pair of particles back in time to when the particles are non-
interacting, the pair density operator should factor into a product of singlets.
Formally this is

lim pf2), (1> A (1) g (1), (17)

t—>-00
Immediately there are a number of conceptual questions that arise. An obvious first
comment is that the factorizationhas been done in the past rather than the future. This
bias reflects our perception of nature, namely the world evolves from the past to the
future, so this choice of past times amounts to inserting an ‘arrow of time’ into the
evolution of the mechanical system. There has been a great deal of discussion of this
point, a classic being the Ehrenfests’ article [9]in 1912. Translations of this with their
respective commentary are by T. Ehrenfest [10] and in Appendix 1 of ter Haar’s book
[11]. An explicitelaboration of taking the opposite time limit has been given by Cohen
and Berlin [12].

A more subtle aspect is the exact scale of time for the limit. As motivated by the
discussion, the factorizationis to occur before the collision begins. Thus the time-scale
is at most of the order of nanoseconds for a typical gas under standard conditions of
room temperature and atmospheric pressure, namely a time large compared to the
typical time of duration of a collision 7. and short to a typical mean free time between
collisions, 7,. This means that from the time of interaction, the factorization time is to
be only of the order of nanosecondsin the past. There seems to be disagreement in the
literature on this point, and often an exact mathematical limit (that is, to a real time
limit of — oo rather than to a limit of = — 7;) seems to have been interpreted. But for
obtaining a closed equation for p')(¢), it is necessary to relate the pair density operator
P2 (1) at time ¢ to the singlet at the same time. This has been accomplished by
contrasting the (binary) collision motion with non-interacting motion, thus, for a time
¢t in the midst of a collision.

(1) = exp[— i) (1= 1)1 p?)(1,) = exp [~ iZE (1= 1)] 41 (1,) 1) (1,)

1
L (18
= exp [~ i) (1= 1)]exp [~ (T + Z)1,— D1 p (0 p (1), (%)
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with now the limit t— ¢, > 7. taken so that it is infinite on the collision time scale. The
limit of the combination of evolution superoperators is the Meller superoperator,
Qg = lim exp (= iZ2 1) exp (1H2)1), (19)
t— oo

whose mathematically rigorous definition has been given by Jauch ef al. [13]. Inserting
thisresult into the first BBGKY equation (14) gives the quantum Boltzmann equation

(1)
iQ&atﬁ = Z )+ Tr, 7, QP (1) 1 (0). (20)
Again several comments need to be made. (i) The above assumes only binary
collisions, namely that the possible interaction with other molecules besides the
colliding pair can be ignored during a collision. That is the reason for being able to use
the pair evolution superoperator exp [— 1.Z#)(¢— 1 )]. (ii) The contrasting evolutions of
pair collision versus free motion essentially acts to correct the free motion of a pairinto
collisional motion. There is also the contrast between the finite time for the
factorization before a collision occurs and the infinite time difference required for the
formal existence of the Maeller superoperator. (iii) This combination of approxi-
mations is generally known as Boltzmann’s ‘Stosszahlansatz’. (iv) There is no rigour
in the above ‘derivation’. The arguments presented above are the same as [ used [14]
in 1960 and I consider that they follow the same philosophy ofapproach as Boltzmann
[1] used in his derivation of the classical Boltzmann equation. Waldmann [15, 16]
obtained a related result by looking at the changes occurring to a physical observable
due to collisions. Yvon [17] related the pair density operator to a product of the
singlets, but did not pursue the result to get a Boltzmann equation. There have been
a number of ‘re-derivations’ of this equation and some arguments about its form and
validity. (v) Before the work of Waldmann and myself, the only quantum form for the
Boltzmann equation for handling internal states was the Wang-Chang-Uhlenbeck
equation [2], which consists of a set of coupled equations, one for each molecular
energy state. What that missed and equation (20) contains, is the allowance of
superpositions of molecular energy states, which requires the full density operator for
its treatment, rather than just having a set of probabilities. The essential difference
between the work of Waldmann and myself, besides the detailed method of derivation,
was as to how far one takes these superpositions into account. In both of these
“derivations’, the aim was only to include degenerate states, whereas it was only later
[18] that the full role of superposition was realized and put into perspective. It is not
clear as to how much agreement there is in the literature on the validity of this latter
perspective. Some of the interpretations discussed later depend on this general
perspective of the role of superpositions.

An alternative ‘deviation’ of the Boltzmann equation has been presented by
Boercker and Dufty [19]. Thisinvolves a factorization assumption at the three particle
level rather than at the two particle level discussed above. Their factorization depends
on the form of the interaction term of the second BBGKY equation. Specifically, the
trace over the third particle is approximated as

Tr (7, + 75,1 P = Tr, [% Py e+ 7, PL’?’P‘I”] 21

The rationale for this factorization is presumably that, if molecules 1 and 3 are

interacting, via Z7,, then the states of these two particles are dependent upon one
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another while, if only binary collisions are to occur, particle 2 must be independent of
the colliding pair. A similar argument applies to the term involving 7, . The trace over
particle 3 now involves exactly the combination of terms that appears in the right hand
side of the first BBGKY equation (14). Thus the trace over particle 3 can be eliminated
on the right hand side of equation (21) to give

) 0 (1) (¢ 0 (1) (¢
Tr 7+ PPy (D% [H&atﬁ— %‘l"p&”(n]p‘;’(w [lﬂa,ﬁ— %Ll’p;"(r)]pal’(r)

(1) (1)
:iﬁp (0 p (t)—%g’p(ll’(t)f?(zl)(f)
ot
= iexp(— %2 r)%[exp (12820 ) (1) 31 (1) (22)

an expression involving only the singlet density operator and thus allowing a closure
ofthe BBGKY hierarchy. A formal time integral of the second BBGKY equation (16),
with the above binary collision approximation for its trace term and some
simplification, including an integration by parts,

t
p2N(1) = exp (—iZ2)s) p2) (1= 5)— iTrSJ di’exp (= iZE (1= NP, + 102 (1)
t-s

t

exp (—iZ2)s) p2) (1— s)+J di’exp (—ig2) (1= 1)

s

U

0
ot’

= £ AL 0+ exp (= 1) [P (1= 9)= pil) (1= ) Al (1= 5)]

X exp (— iF82 1) Hexp ((F2 1) pi1) (1) &1(1)]

—J dt'aat,[exp (= B2 (1= 1) exp (= iHE) ("= 1))

X exp (192) (1"~ 1) P (1) ) (1), (23)

relates the pair density operator at time 7 to the singlet density operator at earlier times
t". Insertion of this result into the first BBGKY equation (14) and making three further
approximations gives the Boltzmann equation. This starts with the result of insertion
~M_ 1) (1) i 2(2) (2) (1) (1)
T = Y A0+ T, T, exp (= i) [0 (1= )= 41 (1= 9) pl)) (1= 9)]
+Tr, 7, A1 (0 6 (1)
t

—Tr, WHJ aat,[exp (—ig?) (1= 1)) exp (= i (1"= 1)]

X exp (1783 ("= 0) 4" (1) 4 (1), (24)

The first approximation involves eliminating the first trace term : since the particles are
interacting, via %2 at time ¢, then at time #— s, the particles are independent, so that
p‘lg’ should factor at this time and the different term vanish. Secondly, over most of the
integration range, ¢ corresponds to a time before the collision between particles 1 and

2 has begun. This allows the ‘time-shift’ approximation

exp (i) (1'= 0) p) (1) P, (1) = P (1) ) (1) (25)
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to be made. Essentially this assumes that the two particles are evolving freely at this
pre-collision time. As a result, the integration over ¢t can be explicitly carried out, with
the result

opl (¢ - ot
1—&# = H p()+ Tr, 7, exp (— iZ2s)exp 1.2 s) o) (1) p (1) (26)

The last approximation is to recognize that for s —» oo, the combination of evolution
operators is the Meller superoperator Qg , see equation (19), and thus this equation
becomes the Boltzmann equation (20). This approach by Boercker and Dufty thus
gives an alternate motivation for what goes into the rationale of the Boltzmann
equation. It also leads to a different form for the pair density operator, whose explicit
form has been investigated [20]. Klimontovich [21] also ‘derived’ the Boltzmann
equation by a method which is almost identical to that of Boercker and Dufty [19],
phrasing the approximations in terms of (classical) correlation functions rather than
reduced distribution functions. A fairly detailed analysis and comparison of these
forms for the binary collision approximation closures of the BBGKY hierarchy has
recently been given [22].

As stated above, there has been many attemptsto rigorously derive the Boltzmann
equation. To the author’sknowledge, the most recent of these is by Lanford [23]. After
considerable effort, he is able to justify that the Boltzmann equation is valid for times
up to a fraction of the mean free time. Clearly thisis insufficient to justify the standard
usage made of the Boltzmann equation, namely to describe how a gas evolves over a
macroscopic time-scale. This inability to mathematically assess the relationship
between the evolution predicted by the Boltzmann equation and the exact evolution
predicted by the von Neumann equation makes it difficult to know how to generalize
the Boltzmann equation to more general situations such as the behaviour at higher
density.

There have been many efforts to generalize the Boltzmann equation to higher order
in density, in particular to include three and more particle collisions. Bogoliubov’s
approach [5] has been followed by many workers, in particular by Choh and
Uhlenbeck [24] and Cohen [25]. Green [26], Klimontovich[21] and theauthor[27] each
has pursued his own method. Some comparison of these works have been made [22,
28]. These generalizations are not discussed further in this paper. A different aspect is
whether bound states of the molecules are present with the inherent question of
chemical recombination and decay. A formulation of kinetic theory that can handle
the latter has been given [29], while aspects of the role of bound states on gas transport
coefficients is actively being pursued. Rainwater [30] has formulated a theory that
combines several different density effects. His work provides the currently best fit to
the experimental low density dependence of gas transport coefficients, but it has not
been derived from a single unified starting point. Attempts to incorporate all aspects
into one concerted theory is in progress, see in particular the thesis by Wei [31].

A particularly useful reference pointis the reduction of the quantum Boltzmann to
a set of bimolecular reactions describing the occupation of the various internal states
of the molecules in the gas. This is a special case of the Wang-Chang-Uhlenbeck
equation [2]. As part of this reduction, an explicit connection is made between the
abstract manner in which collisionsenter into the Boltzmann equation and standardly
defined differential cross-sections and rate constants. To accomplish this reduction,
it is necessary to examine in detail the properties of the transition superoperator
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g = Z°Q,. This is somewhat technical but these general properties are important
for understanding the connections between different applications of the Boltzmann
equation. The properties of the transition superoperator expressed here are drawn
from [18, 32].

3.2. Detailed properties of the transition superoperator J = 7' Qg

The Moller superoperator is defined as the limit, equation (19), of the product of
two evolution superoperators, contrasting free and interacting motion. Formally this
limit only exists [13] when acting on trace class operators, essentially representing
states that die off rapidly at large distances. For chemical applications, it is common
to think of wavefunctions with a definite energy, or transitions with a definite
frequency (energy difference). For that purpose it is necessary to extend the range of
definition of the Moeller superoperator. This is standardly done by adding a
convergence factor dependent on a small positive number ¢ which can be set to zero
after the limit sensitive computations have been completed. A useful procedure for
accomplishing this is to start with the differential form for the product of the
evolution superoperators

gexp (—iZt) exp 1 Fr) = iexp(— iF1) P exp (1.%1), 27)

which can be integrated to give the integral form

t
exp (—iZnexp (1%t = 1— iJ di’exp (— iZt) P exp (1i%1). (28)
0
For notational simplicity the particle labelling has been dropped even though binary
collisionsare being emphasized. As well, since collisions really only involve the relative
motion,itisconvenientto consider the energy parameters mentioned in this subsection
as being only for the relative motion (thatincludes the internal state energy). The limit
t— oo of this gives an alternate form for the Meller superoperator, but inserting a
convergence factor and taking the limit gives an extended form for the Moller
superoperator that can be applied to non-trace class operators

Qg = 1- iJ dt"exp (— et)exp (— iZt) P exp (i.%1). (29)

0

Of particular, and general, interest is the transition operator |Ej><E 7’| between the
two eigenstates of the non-interacting pair hamiltonian K. These states are labelled
here by theirenergies, £ or E and genericindicesjand j for particular elements of the

degenerate levels. This operator is an eigenoperator of the free motion superoperator
HEDCE 1= @ AEDCE T (30)

with eigenfrequency o pp-= (E— E')/iz. The effect of the extended Moller super-
operator on this operator can be expressed in a resolvent (Green’s function) form

- iJ dt’exp (— et exp (— iZ1)

0

X exp (i g 1) Ef>CE"f

1
=|1+—————7|lEEf
[ opptie— & ]| 2]

QLJENCE = |Ej>CE"f

= Q0+ i9|E>E ] 31
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The superoperator within square brackets is just the generalization to superoperators,
of the Lippmann-Schwinger equation of scattering theory [33, 34]. There has been
some argument [35-37]aboutthe difference between the abstract Meller superoperator
Qg and the resolvent form of equation (31). The latter form depends not only on the
convergence parameter g but also on the detailed form of the operator on which it
acts, which determines the frequency that enters into the resolvent. This particular
relation arises because of the convergence requirement that the particles become free
in the distant past. The same type of resolvent arises in other theories of the time
dependence of physical phenomena, specifically from a Fourier time transform of the
fullevolution superoperator, but the usages and how they arise must be carefully taken
into account so as not to confuse the conceptual implications of each approach for the
description of the dynamical behaviour of a physical system.

The Maeller superoperator transforms non-interacting motion of an operator into
interacting motion. The corresponding transformation for a wavefunction is the
Moller operator €. Jauch er al. [13] have rigorously shown that the Moeller
superoperator can be expressed in terms of the Meller operator when acting on a trace
class operator 4 in terms of the Meller operator €, according to

Qp A= QAQt. (32)

Essentially both the ket and bra states of the operator are separately transformed. This
has been the method [14, 17, 18] used to relate collisions in a density operator
formalism to the usual wavefunction picture. A more direct relation which emphasizes
the properties of the transition superoperator .7/, is to use Fano’s approach [38]. This
first requires identifying the frequency parametrized transition superoperator

1

z—

L
N
~
&
SN
f

TQ,(z) =T+ T . (33)
Z

This is identical in structure (for two particles) to the memory kernel that Fano
introduced for his analysis of the pressure broadening of spectral lines. Fano
introduced a star notation to designate that the starred operator becomes a
superoperator, by which it is to act before all operators to the right of it, for example,
A*B = BA implies that 4* is a superoperator that changes the operator B into the
operator BA. Anycommutatorcan thusbe treated asa combination of two operations,
in particular 42°= V— V* and % = H— H*. On choosing the contour C” in the
complex plane as the line — oo < Rz"< oo with Fz > Jz" > 0, Fano showed that the
Liouville resolvent can be written in terms of hamiltonian resolvents (note that 4’s
have been introduced to preserve dimensions and in such a way that the notation is
simplest)

-

1 J dz’
—hF 2 (Z—H)z—z— H*)

(34)

On inserting this relation into equation (33), and performing a number of simplifying
computations, including contour evaluations where they can be explicitly done, see
[37, 38], the transition superoperator can be written

W (z /h)= T(z+ K*)— T*(K—z2)

1 1 1 1 1
+—1 d:z — THT*(z'—z — . 35
27 ) {z'—K z'— z—K*:| (T )[z'—K z'— z—K*:| (35)
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Here the transition operator is defined as
T(z)=V+ V;V (36)
“~ = Z_ H .
For use in the Boltzmann equation, this parametrized transition superoperator arises
only when the real part 4z of the parameter z is consistent with the operator on which
it acts, compare equation (31). In particular, the combination of resolvents acting on

a typical energy parametrized operator is (setting z = E— E '+ igand z"= x "+ inwith
the subsequent notion of the limit e— 0)

1 1
- Ej>(E’}
[x’—K+in X +in- E+ E’—ig—K*]| JET

I I
= - EP>CE" > = 2mis(x'— EMECE ] (37
[x’— E+in x'—E—i(s— n)]| BT ol NEDCETL 6T

This has the effect of simplifying the expression for ."/‘(z/h) to

b (0 )| ECE ] = TE)|E/>CE ) AT HE
1 1 . .
_[E— K+i(e— n)_E'—K*—in]T(E)|EJ><E j (38)

Here the parametrization of the transition operator 7 with a real energy E is
T(E+ ig), and the adjoint 7t has to approach the real
axis from below rather than above. Similarly the frequency parametrized collision

understood as the limit lim,
superoperator is understood as the limit lim,, (o g+ ike). Specifically of im-
portance, and not often emphasized in the literature, is the consequence that the
energy parameter of the transition operator is exactly the energy of the eigenstate of
K on which it acts, and similarly for the adjoint quantities. If a matrix element of the
transition superoperator is calculated, the energy dependences are explicitly displayed

CE" [T (0 e [E D CE
= (E"j "|T(E)|E SS(E"— E"')(s, — S(E"— E)5“<E'1’TT(E’)|E"' "
1 1 s
- [E_ E'+i(e—m) E—E"—i ] JITE)EpCE G™. (39)

Finally, if one restricts the collisions to be ‘on-the-frequency-shell’, namely that
E"— E" = E— E’, thentheabovecombinationofresolventsreducesto an energy delta
function — 2#i5(E"”— E) and all transition operators are evaluated ‘on-the-energy-
shell’. It is only under such restricted conditions that a transition operator matrix
element is equivalent to an energy parametrized scattering operator, S(E), matrix
element on the discrete index

S;(E)= 8, — 2mi Ej"|T(E)|Ej>. (40)

Note that S(F) is defined only on-the-energy-shell, but for such cases the transition
superoperator can be written in the simpler form

CE" ' (@ ) (EPCE FDIE"— E+ E7)j>

Z;S(E” E)S,(E)S; E)=6,6;,] (41)

2 ) 7iCiT

It is this form of the collision superoperator that has been used for computations in
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many applications of the Boltzmann equation, in particular in much of the work on
pressure broadening [39]. While standard methods of calculating the effects of
collisions only discuss the S matrix, or equivalently the on-the-energy-shell 7 matrix,
it is seen that this is only valid for use in the collision term of the Boltzmann equation
under restrictive conditions or as an approximation.

3.3. Wang-Chang—Uhlenbeck equation
In general the density operator for a molecule in the gas, here labelled as molecule
1, has an expansion in eigenstates of H‘l” according to

p(ll): zdepldp{|p1j1>p(911)j,,l).’j.’<p{j{ 4 (42)
W

involving the momenta p,, p/ of the ket and bra states and the molecular internal
statesj, and j!. If the gas is homogeneous, then the momentum dependenceis diagonal.
Furthermore, if the state is determined completely by the concentration c¢(p,) of
molecules in state j, with momentum p,, then the expansion coefficient of the density
operator reduces to

NN S CRE R HEE (43)
In the Boltzmann equation, the collision term involves the product of such singlet
density operators and can be written in terms of the relative momentum p =
(m, p,—m, pl)/(ml—f— m,) and centre of mass momentum P = p + p, as

SR DY ”deplP >lpive;(py) e, ()< PilCPL. (44)
A

with j = j,j, a composite index for the internal states of the pair of molecules and
allowance made for the molecules to be different with differing masses m, and m,. The
energy of relative motion (includinginternal states) is then E ;= p2/2,u+ g, ubeing the
reduced mass. It is this relative energy that enters into the parametrization of the
transition operator, while the centre of mass momentum is unaffected by the collision
dynamics.

As the density operator for relative motion, see equation (44), is diagonal in
energy, all terms have zero frequency from the point of view of the collision
superoperator. The Boltzmann collision term includes a trace over the states of the
second molecule, which includes an integration over its fina/ momentum p/. Since the
momentum p! of the first molecule is fixed, the integration over p/ is equivalent to an
integration over the centre of mass momentum P. The resulting collision term of the
Boltzmann equation (20) is, after some calculation

(p,J,[Tr, 7, PV ot prjir>

hG
= a(p,— p;);ZJdpg P, T(E ) ¢, (p)— ¢;(p) THE)PiLj,> ¢, (P,)

hG
+38(p,— p) 2 ;”dpzdp'%w‘l LITEN " j1 jr><p” jrinl T +(E|pjtj,>

LA

I I
X - m e (pY). 45
[E"—E’—in E"— E+i(e— n)]cf‘(p‘)cf‘(pz) )

It is because of the conservation of centre of mass momentum that the collision term
is diagonal in momentum. From a different point of view, a homogeneous system
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remains homogeneous. The difference between E and E " is entirely due to molecule 1
being in either state j, or jI. Butitis noticed that, even though the density operators in
the collision term (before the collision) are diagonal in internal state and energy, the
result of the collision can be non-diagonal in internal state and energy. This is a
particular example of how collisions can couple different frequency components of the
density operator.

A special case is the diagonal-in-internal-state part of the collision term. This has
a simpler structure since this implies that £”= E, with the consequence that the term
in the square bracket reduces to 27i8(E— E"). As well, the first term involving the
difference in the transition operator and its adjoint is simplified through the optical

theorem
(pj|T— Tlpj> = 27 pjITS(E- K) T t|pj>

= 2ni Z Jdp” S(E— Enl<p]T|p"jm>k

presra) Jdp" O s pr (46)

Itisto be understoodin the above that,ifnot otherwise indicated, the energy for which
T is to be evaluated is the eigenenergy of the non-interacting hamiltonian K on which it
acts. Here o, s, p;1s the differential cross-section and pA" is the unit vector associated
with p”. Since the cross-section involves the absolute square of a 7 matrix element, the
cross-section has the symmetry

(277:)d h? u

cnr vtk = E oy = By @

If the discussion is limited to the diagonal-in-internal-state part of the density
operator, equivalently to the concentrations of the different internal states, the
Boltzmann equation reduces to

Oc; (p)

II

Jjjdpz prdpys(E— E") s(py+ py—p p) Op' > pj
J f’ ", ,Ll p

X [e Py e P — ¢, (P e, ()] (48)
This has used the cross-section symmetry (47). Clearly energy and linear momentum
are conserved in the collision process. This equation can be looked upon as a set of
second order chemical reactions for species distinguished from each other by their
internal state label j and momentum p. If the momentum dependence is further
assumed to be in equilibrium (Maxwellian), then on integrating over p, this equation
becomes

oc;
== 2 Ty jee =k pes el (49)
A
which is recognized as a standard set of bimolecular chemical reactions with rate
constants determined by

pexp(=p™ 21"k, T)
Qrp"ky T)*2

kyo = (2ﬂ)4h2ujj|< pi|Tlp" "> dpdp”

8k, T\!2 —
= " (kB_T)Z o s p;€Xp (— E{l /kT) EL dEY, (50)
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where E,, is the translational energy and

— 1 A A "
Op'js pj = TEJJ%U'* p;dPdp G

is the angle averaged collision cross-section. It also follows immediately from the
transition operator form for the rate constant, together with energy conservation, that
the forward and reverse rate constants satisfy the chemical equilibrium condition
pwlexp (=&, fky Tk, , ;= pexp(—e/ky Tk, . (52)
But it is noted that these reaction rate equations are only strictly valid if the gas is
homogeneous and the density operator restricted to being diagonal in internal states.
Also of noteis that the internal state label here denotes individual states, in particular
degenerate states have not been lumped together. Degeneracy factors were a problem
in some of the earlier work where the difference between individual states and
degenerate sets, in particular rotational j states, was not properly taken into account.
In an inhomogeneous gas, the classical distribution function f(r, p, ¢) is position
dependent. In quantum mechanics this position dependence is associated with an off-
diagonal momentum dependence of the density operator. Rather than keeping track
of off-diagonal elements of the density operator, it is more convenient to express the
position dependence in a classical manner. A standard method of accomplishing this
is via the Wigner function [40]

1 . 1 . |
Sir.p) =5 [daexp (iq-r /w)(p+Ta) |p‘”|p—5qj >. (53)

To includeinternal states, /,(r, p) is here both a density operatorin internal states and
a Wigner function for the translational motion. The Wang-Chang—-Uhlenbeck
equation [2] is the Boltzmann equation (2) expressed in terms of the Wigner function
but restricted, first to being diagonal in internal states, and second, that the collisions
are local, specifically that a collision occurs at one point in space, thus

of(r,p
f(ar )+%' VIfr-p) = .%.,J”dpzdpi'dpé’fS(E— E")5(py+ Y= P,~ P,)
Jo T Jy

XL G o o L E P ST D= £, (PP S (F P (54)
up'p

This is an approximation and implies that a separation between macroscopic (fluid
flow, temperature differences, etc.) and microscopic (molecular dynamics of collision
processes) motion can be made. A collision occurs within a distance of a few angstroms
whereas gas inhomogeneity is typically on the scale of millimetres. This assumption of
the collision being local was also inherently made in the original Boltzmann equation
[1]. To clearly understand what is involved in making this separation of distance scale,
it is necessary to analyse the effects of non-diagonalities in momentum. This is a
lengthy process that is not covered here. An efficient aid to carrying out this analysis
is the parametrization introduced by Baerwinkel and Grossmann [41]. This para-
metrization has been used to examine corrections to the collisionallocality [42], which
are responsible for a major contribution to the density dependence of gas transport
coefficients [30, 43, 44]. With more accurate experimental methods and greater interest
in engineering applications, the understanding and prediction of such density
dependence has become of renewed interest.
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3.4. Approach to equilibrium

Boltzmann’s ‘H-theorem’ is equivalentto showingthatthe collision term increases
the entropy. But it was inherently assumed by Boltzmann that collisions are local, a
constraint on the more general form of the collision term which must be generalized
to being on-the-frequency-shell [18]. But even within the initial constraint of local
collisions, thisimplies that thisis only a local approach to equilibrium, thatis to a local
Boltzmann distribution with a local temperature, density and mean (stream) velocity.
But complete equilibrium requires a globally uniform temperature, density and
stream velocity. This occurs only through an interplay between collisional and
streaming motion. While this approach to global equilibrium is reviewed only for a
simple case, it is also expressed in terms of diagonal and non-diagonal elements of the
density operator to illustrate how these approach equilibrium. This is analogous to the
approach to equilibrium (in a homogeneous system) which is responsible for the
pressure broadening of spectral lines, spin relaxation and a number of other effects
involvinginternal states. The inhomogenecousand homogeneous cases are discussed in
turn. The following section discusses some aspects of the reversibility—irreversibility
paradox, namely the difference between the invariance of the N-molecule entropy,
equation (9), and the increasing 1-molecule entropy.

3.4.1. Decay to equilibrium in a spatially inhomogeneous system
For a one molecule density operator, the entropy is

S = kyTr p"In(p\" /e). (55)

The factor of ¢ here and N! in equation (8) are required for consistency with the
factorization

P =TT /N (56)

(associated with the independence of the molecules in a low density gas, and taking
into account the normalizations of the different density operators) and to agree at
equilibrium with the standard expression for the entropy from the method of partition
functions.

For simplicity of presentation, the detailed discussion of the approach to global
equilibrium is restricted to using the Wang-Chang-—Uhlenbeck equation, whose
collision term is spatially local and whose Wigner function is diagonal in internal
energy, with only comments made about the general case. Expressed in terms of the
Wigner function, with internal states, and neglecting quantum corrections, the
entropy can be related, S = [s(r)dr, to an entropy density

s(r) = kBZJdplf,(r,pl)ln (f{r.p,)/e). (57)
J
The equation of change for this entropy density is

M+ V-ZJRfJ(r, p)In (M)dp = o,
ot > m e

= ky 2 _””dpldpzdp;dp;rS(E— E)o(pi+ Py~ P,— P
’ f] (rs 1)
XLy I (——p )[f,-;(r’ PN/ p)— /(P )S(r Pyl (58)
upp e
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The divergence term describes how the entropy flows from one position to another,
specifically the entropy flux is

J,= kBZJﬁfj(r, p)In (Ll(r—;&))dp_ (59)

By symmetry, first between molecules 1 and 2, and second between the primed states
and the unprimed, noting the cross-section symmetry of equation (47), the collision
contribution can be written as

_—_k 2 Jjjjdpldpzdp{d’é(E E)o(pi+ Py~ P1— P,

JJJJ

N, (f (r.p)f, (T,

ppp 14(r.p)4(r.pY)
> 0. (60)

)[f,,(r P AT Y= (1 PP,

The form of the combination of Wigner functions has the structure (y— x) In (x/y) <
0, which shows the collisional entropy change to be positive unless

In (f(r,p)+ In(f,(r, p)) = In(f;(r, p,)+ In(f;(r. p,)), (61)

which can only be satisfied if In(f(r,p)) is a summational invariant, specifically is
linear in mass, momentum and energy. This can be written as

Ad
fr.p)=" [~ (p— mV,)2 2mk, Tlexp (= &,/k, T), (62)

int

where A= h/(27rka T)'2 is the thermal deBroglie wavelength and g =
X exp (— gj/kB T) is the internal state partition function. The number density n,
temperature 7 and stream velocity v, are all functions of the local position r and time
t. It is because the collisions are treated as being local that they drive the Wigner
function to a Boltzmann distribution. But just because the Wigner function is locally
Boltzmann, the entropy density is not necessarily constant. Rewriting equation (58) in
the form of a general equation of change

0Os(r)

o +V-J,= o, (63)

gives a description of how the entropy density changes due to the entropy flux J,and
entropy production o, The flux is usually [45] subdivided into convective and
conductive contributions but such detail is avoided in this presentation.
Corresponding to a local Boltzmann distribution for the Wigner function, the
collision term in the Wang-Chang-Uhlenbeck equation vanishes, to be left with

ofr.p)
ot

:[Glnn_{_ﬂl_-v]nn_{_((p—mv“)z_g_’_g—<g>)(61nT T, T)
o  m 2mk, T 2 kT ot

+29pirp)

o, Py p,—mv,
+(5t+mv) ko T (r.p)- (64)
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Thus any position dependence of the density, stream velocity and temperature will
cause the Wigner function to change. For example, if only the density is treated as
being non-uniform, then by formal integration

f(r.p,0n= n(r+f%“r,o)fj(r,pl,0) (65)

shows how the distribution function changes with time from an initial state at t = 0,
becoming in general a non-Maxwellian momentum distribution. The global approach
to equilibrium is thus seen as a combination of the collisions driving the distribution
function to a local Boltzmann distribution, while the free motion terms mix the local
Boltzmann distributionsto drive the distribution away from being Boltzmann. In this
simplified discussion, no account is made of the relative sizes of different cross-sections
so no assessment can be made as to whether one particular non-equilibrium mode
reaches equilibrium before another. For example, usually the efficiency for changes in
vibrational state is much slower than for rotational states and this is of importance in
describing the detailed mechanism by which relaxation to global equilibrium occurs.

Finally it is useful to discuss the approach to equilibrium in an inhomogeneous
system in density matrix form using the momentum representation rather than in
terms of the Wigner function. To simplify the collisional structure, it is assumed that
most of the molecules are in homogeneous equilibrium, so that as far as a collision is
concerned, only one of the colliding pair is out of equilibrium at a time, with the
consequence that the collision term can be linearized. On linearization, the collision
term can be written in terms of a set of relaxation times. For further simplification, the
presence of internal states is ignored.

The density operator in momentum representation can be recovered from the
Wigner function by the inverse Fourier transform

. (66)

1
Cpilplp > = Jdrexp (i(p"~ p)-r/h)f,-f(r,g(w P)

Under the simplifications posed above, the linearized Wang-Chang-Uhlenbeck
equation withoutinternal states (identical to a linearization of the original Boltzmann
equation but for a real (quantum) cross-section) reduces to the set of linear equations

aplplp>_ i(p* p*
ot h\2m 2m

Lo
+Jdp”K(u, o

1
plo*lp>=—<plp"lp">

pp

<p//+L2E|p(l)|pu_u>. (67)

2 2

These are partially uncoupled, in that terms with different momentum off-diagonalities
are uncoupled from each other. The relaxation time 7,,-and the integral kernel K (...)
can be expressed in terms of collision cross-sections. What is of note is the structure of
thisequation,namely the evolutionis governed by a frequency for the dynamical (free)
motion and a relaxation due to collisions so that the magnitude of the off-diagonal
element of the density operator is governed by a combination of free and collisional
motion. In the Wigner representation the free motion is expressed as a position
dependence while the collisions change only the momentum dependence. This same
structure is also valid after linearization for the more general Boltzmann equation but
with a possibly complex relaxation time. For the decay of internal motion there is a
similar behaviour, as is now discussed.
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3.4.2. Decay to equilibrium of the internal states

The object of this subsection is to illustrate the dynamics of internal state
behaviour according to the Boltzmann equation. Of particular interest are the
properties of the collision term. To keep the presentation short, several simplifying
assumptions are made. These are: (i) the gas is homogeneous and the momentum
distribution Maxwellian; (ii) the gas is a mixture in which only one species has internal
states and this species has a very small concentration so that all collisions involving
internal state changes can be treated as between an inert molecule and a molecule of
the species with internal states, with the consequence that the Boltzmann equation is
reduced to being linear in the internal state density operator.

A typical internal state density matrix element s ;- is associated with the singlet
density operator p'!) according to

exp(—p*/2mky T)
(2 amk 4?2

pilplp > = s(p—p"), (68)

compared with equation (43). The Boltzmann equation is then equivalent to

a L E— &-
ZLil
or I(T i ;Rﬁ':f s (69)
JJ
where the relaxation matrix R is
__ (2n)Pink?
B (277:,ukB T)s/z
— 5,4 p/" | TH(E™)|pj >lexp (= p? /2uk, T)
(27)%ink?

(g, T)*2

R Jdp < pATEMpi"> 5, 1

”dp dp” (pJITEM|p"j"><p" | T +HE™)|pj™>

1 1
X - —p"?2uk, T). 70
|:Em_ E’_ ”,) E"— E+ 1(8_ T)):|6Xp( p / HKg ) ( )

Here the primes on the E are associated with the primes on the internal state label j,
while the translational contribution is p2/2,u for E and E”, and p”2/2,u for E” and E"™.
Of particular use for understanding this evolution is the separation between how the
matrix element evolves as if it was isolated and how it couples to other matrix
elements. The isolated part of the evolution involves the relaxation matrix

Ry jp=idot 1/t
(2n)ink? J | | )

= ar|d T(E)|pi>—
gk, TY p I PAT(E)|pj>— ¢ pj

b

TH(E")|pj">lexp (= p? 2uk, T)

__Quy'n?
(rpiky, T

”dp dp" pjIT(E)|p"i><p" T (E)|pj™>
X 5(%‘2) exp (— p?2uky T). (71)

Itis possible to identify explicitexpressions for the real l/rjj,and imaginary Aw ;- parts
of this relaxation matrix element but that detail is not carried out here. It is also
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noticed that, for this case, the transition matrix elements are on-the-energy-shell, so
can be written in terms of the S-matrix. With these notations, the evolution equation
(69) for . ; becomes

O .+ 1 —
22l —
= ( + la)jj,)ﬁ i E R v pm (72)

o i T E U0

with the frequency of oscillation of . ;- given as the sum

@y =" Aoy (73)
ofthenaturalindependent particle frequency and a collisionalshift associated with the
interactions with other molecules in the gas. As a last association, if the potential is
weak enough, the transition operator 7 can be approximated as the potential operator
V, in which case the collisional shift becomes the difference in first order perturbation
contributions to the internal energy levels

p?2uky T).  (74)

n
Ao =——|d
@i (2nukBT)3/2J Pl

The collisionaldecay rate is at least quadraticin the potentialand consists of a number
of terms which are not detailed here. A general discussion of how these collisional
frequency shifts are related to the Boltzmann collision superoperator is given in [32],
while Born and distorted wave Born approximations to them are discussed in [46].

Often in experimental situations there is a steady driving force applied to the
chemical system, for example by the application of an electrical field or by a
temperature difference. If the effective rate at which the matrix element » ;- is excited
is a; (replacing (— times) the sum in equation (72)), then the time dependence is
determined both by relaxation and oscillation according to

—exp[—i(w+1/t,)1]
1/‘L—jj'_f— iwjj' ”

— 1
o i) = exp (— (o ;+ l/rjj»)t)/, A0+ (75)
The exponential terms represent transients while after the transients have died out, the
steady state value of » ;- is given by

| 1
/7 jj'lsteady state T / P ajj'
l/7+iw;

_ 1 /7, —ia) (76)

/z‘z + wﬂ’ i

JIr

For the particular case in which a - is real, this gives the real and imaginary steady state
parts of o . This result can be related to the in-phase and out-of-phase response of a
system to a driving force but it is emphasized that the frequency is the natural
frequency of the system rather than being an externally applied oscillation. It is seen
that the larger the frequency Ejj», the smaller the steady state magnitude of » ;. This
result is termed [47] the effect of ‘partial phase randomization’ and was emphasized
when discussing the qualitative interpretation of the magnetic field dependence of gas
transport coefficients, see section 5. In the general approach to equilibrium, it is this
effect thatis responsible for causing the density operator to become diagonalin energy
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representation. While the discussion in this subsection is for the approach to
equilibrium for internal states, the same argument can be applied to the position
dependence of translational motion, compare equation (67). It was suggested in [18]
that it is this effect which gradually eliminates off-diagonal in energy terms in the
density operator so that Boltzmann’s H-theorem will eventually become valid and
complete equilibrium attained.

3.5. Different entropies

The exact evolution of a N-molecule system leaves the N-molecule entropy SV
constant, see equation (9). In contrast, the Boltzmann equation, in particular the H-
theorem in terms of the local entropy production o, see equation (60), increases the
entropy until equilibrium is reached. This inconsistency is referred to as the
reversibility—irreversibility paradox, the discussion of which started with Boltzmann’s
introduction of his kinetic equation. Some comment is made here about this paradox
and how it is to be understood. The following discussion makes use of the association
between the concept of entropy and Shannon’s [48] neginformation.

It must first be recognized that the N-molecule entropy SV, equation (8), and the
I-molecule entropy S, equation (55), are inherently different in nature, only being
equal when the N-molecule density operator factorizes, equation (56). That entropy
may have different faces has been nicely presented by Grad [49], with a hierarchy of
entropies associated with the reduced distribution functionsand the possible relations
between them. What is missing in the factorization of the N-molecule density operator
is all the (equilibrium) particle correlations that are present in a dense gas, and more
relevant for dilute gas kinetic theory, all the correlations that arise as the molecules
collideand thusinfluenceeach others futureevolution. This picture of the development
of more and more complicated correlations has been emphasized by Prigogine [50].
Thus Prigogine expresses this as a flow of information from lower to higher ordered
correlations. In particular, all the information in an initial state, which could be
completely contained in the 1-molecule density operator if the factorization of
equation (56) is exact at the initial time, flows into higher correlations. Since S
measures only the neginformation in p'), this neginformation increases since
information has been removed from the 1-molecule density operator.

A related approach, though not directly related to gas kinetic theory and the
Boltzmann equation, is the linear theory of Zwanzig’s [51] Generalized Master
Equation. In his excellent Boulder lecture [51], he reviews previous related work and
presents a simplistic model which shows how decay to equilibrium is valid only for a
time-scale large to the individual dynamic (collision) time-scale, but small compared
to the periodicity time-scale (Poincaré recurrence time) for the N-molecule system.
This illustrates the subjectivity of what any experiment is capable of observing.

4. Spin relaxation

Spin systems have several experimental and theoretical advantages. Since the
Zeeman energy is very small compared to normal thermal energies, there is little
influence on the rest of a chemical system as a spin is excited and relaxes to
equilibrium. Thus modifying a spin state is experimentally a non-invasive method of
monitoring a chemical system. From the theoretical point of view, the small energy
changes imply that, as a good approximation, the spin system can be treated as if only
the spin system is out of equilibrium. As a consequence, the small number of degrees
of freedom greatly simplify the mathematics. On the other hand, it is necessary to treat
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each spin state in detail since the small number of degrees of freedom imply that the
usual statistical averaging that occurs in large systems, and often smooths out any
novel effect that a particular state may have, is absent. Only a spin71/2 system is
considered here, while the treatment of systems with higher spins rapidly becomes
more complicated in detail due to the presence of higher multipole moments.

The dynamics of a spin system can be classified according to whether it is due to:
(i)external (Zeeman hamiltonian)influences; (ii) intramolecularinteractions (typically
hyperfine or dipolar interaction); and (iii) intermolecular interactions. In the gas
phase, intermolecular interactions occur as collisions. For a typical nuclear spin, the
small spin energy has negligible effect on the collision (translational) dynamics, nor is
it much affected during a collision. Thus the direct influence of a collision on the
dynamics of a spin is of lowest order of importance and can usually be ignored if there
are intramolecular spin interactions. The formulation of nuclear magnetic relaxation
from a Boltzmann equation perspective has been presented in the case when no
intramolecular interactions are present [52], and when spin-rotation and/or dipolar
interactionsdominate the relaxation [53]. Recent work on muon relaxation [54, 55] has
applied the same or more complex dependence on intramolecular interactions. As the
intramolecular mechanism with the simplest formulation, the spin-rotation inter-
action is reviewed with emphasis on exemplifying the aspects of an intramolecular
mechanism.

The object of interest is the expectation value (1> of the (nuclear) spin | in units of
#. This varies with time due to the Zeeman hamiltonian H, = y,4B -1 and the
spin-rotation hamiltonian Hy = c,#hl-J. The latter hamiltonian couples the spin to
the molecular rotational angular momentum J, which is in turn controlled by its own
Zeeman hamiltonian H , = y,4B-J, the rotational hamiltonian H,= J(J+ 1)

h2 /2Z (for a diatomic with moment of inertia ), the spin-rotation hamiltonian and
by collision processes. Thus the evolution of the spin system is not directly affected by
collisions, but is indirectly affected by collisions thfough the intermediary of the

rotational angular momentum. In terms of the Boltzmann equation (20), the spin
Liouville superoperator is the commutator of the spin hamiltonian

K=H,+H,+H.,+H,. (77)

Since the Zeeman energies are all small compared to thermal energies, except well
below 1 K, it is appropriate to treat the translational degrees of freedom as being at
equilibrium, whose only role is to provide a thermal average for any collision cross-
section for the rotational angular momentum, thus the translational kinetic energy
hamiltonian has been dropped. On recognizing that the rotational energy level
separation is very large compared to the Zeeman energy level separation, it follows
that the low energies involved in the experiment will be insufficient to cause a
significant number of J transitions, so the density operator can be assumed diagonal
in J. A further argument for the validity of this is that, on the time-scale for Zeeman
frequency effects to be observed, equivalently that Zeeman energy level separations
play an important role, rotational energy level differences have all been phase
randomized (compare the discussion of equation (76)), so again, the density operator
is effectively diagonal in the rotational angular momentum magnitude quantum
number J. To make the treatment even simpler, it is assumed that only one value of J
needs to be retained. Essentially thisisassuming thatall J statesact in a similar manner
and one can lump them together into one effective J value. It is then only the
directional aspects of the spin | and rotational angular momentum J that need to be
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considered. The treatment is formally the same if the rotationalangular momentum J
isreplaced [54] by an electron spin S, whose magnitude is of course fixed. Of course the
details of the collision processes must be different, but the formal treatment is the
same.

Atequilibrium, the spin and rotationalangular momentum expectation values are
both determined by the spin hamiltonian, but on the basis that all terms are small
compared to thermal energies (with a single J value, H , is a constant that cancelsin the
normalization of the equilibrium density operator), a linearization of the Boltzmann
factor is appropriate so that

_ Trlexp(=K/k,T)
Ml Trexp (— K [kyT)

a>

L Trl(I=K/ky T) I+ D(1/2) y,h/ky T

C Tr(1-K/kyT) (2J+1)2 B, (78)

which is equivalent to Curie’s law for an equilibrium magnetic moment. The trace is
over both spin and rotational degrees of freedom, so in the denominator where only
the ‘1’ contributes, the factor of 2J+ 1 is the degeneracy of the rotationallevel and the
2 is for the two spin states. Technically the trace over a single spin operator vanishes,
most importantly because the trace must be a rotational invariant and a spin
(pseudo) vector has no rotationally invariant part. On the other hand the trace over a
product of spin operators depends on which components of the operators are
involved, specifically if they are different, the trace is zero, while if they are the same,
the trace is 1/3 of the square of the magnitude of the angular momentum times the
degeneracy of the level, thus for the spin traces

Tr,l0y=0; Tr,ll,=1/3)X3/M4)X2=1/2. (79)

That is why the spin expectation value is in the field direction.
If the spin is out of equilibrium, the density operator deviates from its equilibrium
Boltzmann form, conveniently written as

1=K /k, T+ ¢ (80)

2027+ 1)

o= plequn, (11 ¢) =
Since the spin hamiltonian is small, everything is merely additive and the equilibrium
term can be subtracted out and ignored in the following. The ‘perturbation’ operator
¢ is a function of | and J, so that it may be expanded in powers of these angular
momentum operators. To terms at most linear in each angular momentum, this
expansion is

3 12

¢=4l-{>+ T+ 1)J-<J>-f— T+ 1)JI (AI>+ (81)
The coefficients of this expansion are identified as expectation values through the
explicit calculation of the expectation values. For the second rank tensor involving the
product of the angular momentum operators, the double dot contraction is by
convention taken as contracting nearest tensorial indices. That there is no constant
(angular momentum operator independent term) is because normalization must be
preserved. Higher powers of the angular momenta may be considered. But for a
spin71/2 system, the product of any two spin operators is a spin operator, the terms
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linear in | cover all possibilities. On the other hand, higher powers of J can in prin-
ciple occur, all the way up to the 2Jth, the effect of these higher angular momentum
multipoles on the relaxation of the spin depend on powers of the spin-rotation
constant ¢, which here is taken as being small. In the hyperfine case, J is replaced by
an electron spin S, and while the hyperfine constant may be large, now all operators
of quadratic, or higher powers, can be re-expressed in terms of being at most linear
in S.

It has previously been stated thatthe spin is negligibly affected by collisions, so that
only the rotational angular momentum, which is tied to how the molecular frame
moves, is modified by collisions. Thus in the Boltzmann equation, as the collision term
involves the perturbation ¢ of the spin density operator -, only those terms containing
J will be affected by collisions. Retaining only quantities that are at most linear in ¢,
the Boltzmann equation (20) can be linearized

%? = i%o— R, (82)

to involve a ‘linear’ relaxation superoperator 4, compare the matrix representation,
equation (69), of the linearized Boltzmann equation retaining the full internal state
density operator . While | is unaffected by collisions, collisions will cause J to decay
to its equilibrium (Curie law) value, or for the perturbation contribution which is
relative to equilibrium, to 0. M oreover, since the collisions are isotropic (it was stated
that the Zeeman energies are negligible compared to thermal energies, so can be
ignored when calculating the transition operator), then the effect of & on J is
equivalent to a relaxation time t,

#RI=J/z. (83)

Technically there can be a difference in the effect of & if it acts on the product IJ, since
in that case it must be the same molecule before and after the collision that carries the
‘polarization’ IJ, while if the polarization only involves J, then there is a possibility of
transfer of polarization from one collision partner to the other. These subtleties are
ignored here. On calculating the expectation values of the linearized Boltzmann
equation (82) within the approximations mentioned above, the closed set of three
tensorial kinetic equations [54]

—aéi>=— 0, BX (1> ¢, (X I, &4
X o, BX (J>+ e (IX J>—l<J>» (85)
ot .
a<a|;-]>_ a)léX<|J>+ CU_/<|J>X é—{— Co E° %J(]_{_ 1)<|>_i<J> —l<|J> (86)
T

for the expectation values are obtained. Here w,= y,B and w,= y,B are the
magnitudes of the Zeeman precession frequencies for the spin and the rotational
motion. These have been slightly generalized here to allow Jto have any value, whereas
in [54], J appeared only as the electron spin S = 1/2. The Levi—Civita tensor ¢has been
used in the above. This is a third rank antisymmetric tensor, having components

&4, == 1 according to whether j, k, [ as a cyclic or anticyclic permutation of the x, y,
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z coordinates, and zero if two or more labels are the same. Since each vector has 3
components, these three tensorial equations are equivalent to 15 scalar equations.
Their solution determines the time dependence of the coupled motion of the spin and
rotational angular momenta.

The symmetry of the system, and the kinetic equations, is C, with the magnetic
field direction B providing the symmetry axis. Thus solutionscan be broken down [54]
into sets corresponding to the irreducible representations of C .. For spin relaxation
one needs only the solutions containing components of (I> which can also be
decomposed into irreducible representations of C,, namely the 1nvar1ant part
> B and the counterclockwise and clockwise rotating parts {I>- (x+ zy) with x, y
and B a clockwise set of unit vectors. These correspond to the longitudinal and
transverse components of the spin. Only the longitudinal relaxation of the spin is
treated in greater detail here. The equations for the longitudinal system can be written
in a number of ways; in [54] the association was motivated by classifying the operators
according to the eigenstates of the spin hamiltonian since ¢, is considered to be large
compared to the Zeeman energies, while in [53] the emphasis was on the individual
spins since ¢, was considered to be small. These sets of equations are of course
equivalent, differing only in a change of basis. It is the latter description which is most
easily seen from the tensorial equations (84), to give the set of four equations

Sl (xJB), (87)
U2 xg-Bo— s, (88)
ot T
QUXIBY (1t 1354 200 (L0 15— S )= K1 0By
o 3 4 T

(89)

5<’B’gt‘ L o o)X BN 10, ©0)

T

If these are written in matrix form whose eigenvectors are to be found, namely in the
form

LAy 1)
or -

with the four-dimensional vector having components (1>, {J>, <|><J-é> and

(I 4J5—1-d>, then the secular determinant for the eigenvalues 4 is
0
-2 1 —Cy 0
— /1_ -
0 T Cor 0
==, .
3651‘J(J+ 1) _zcsr —/I—l _(CL)I_CO,)
0 0 T 1
— /1_ _—
(o, 7 T

2 . .
= ;Cfr-](-]+ D+ (0,— 0,)?

1 .2 1 1
=(A+—|| AP+ + A=+ T2+
T T 2

2
+—cz J(J+ 1)]2 0. (92)
37
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Experimentally, it is usually only the slowest decay that is observed. For a weak
coupling constant, in the sense that ¢z 72< 1 and ¢% < (0 ,— ®,)? the eigenvalue with
smallest negative real part is

22 JJ+ 1)1

A=— = 93)

1+ (0,— »,)*7

the result of [53], and a standard result [56] of NMR for the ‘spin-lattice’ relaxation
time 7, = 1//1 when the decay is due to a spin-rotation mechanism. While the standard
method uses a time correlation function method with an introduction of a correlation
time 7, the gas kinetic approach presented here has the advantage that r is a well
defined collisional quantity which may be calculated from an appropriate collision
cross-section

1 1 ]
g .Y
o 1)<J RI>. (94)
The nature of the frequency and density (pressure) dependence can be explained in
terms of collision rate and partial phase randomization, see the discussion following
equation (76). As l/r is proportional to the pressure, it is seen that at high pressures,
7 vanishes and the spin lattice relaxation rate l/T1 = 2 becomes very small. This is
traced to the rapid decay of (J>, so there is no rotational angular momentum with
which the spin can couple. On the other hand, at low pressures, T becomes very large
and the spin is phase randomized, again leading to a very small spin—lattice relaxation
rate.
The other extreme is when the coupling constant is large, such thatif ¢Z 2> 1 and
2 » (ow,— w,)? then the spin and rotational angular momenta relax together as an
effective total angular momentum F = |4 J. In this case the slowest decay rate,
eigenvalue A of smallest negative value, is given by
2JU+ 1)/t

A= > 72 95)
T2+ D (0,— 0,)%/ck

For H-atom-like radicals, the rotational angular momentum J in the above formulae
can be replaced by the electron spin S, whose magnitude S of 1/2 and negative
gyromagnetic ratio require replacing o, by the relatively large — wg. At the same time,
the coupling constant ¢, becomes the hyperfine constant @, so that the slowest decay
rate is

0’

-1
A= 2414 (0,4 0)? /03] 96)

This is what is reported in [54] for the muon spin relaxation rate in longitudinal fields.
In that reference, connection is also made to other experimental decay rate
measurements. These differ in what exactly is measured, so that the slowest decay rate
isnotalways whatis observed. Thus an analysis, not only of the precession-relaxation
eigenvalues is needed for an elucidation of the observations, but the detailed form of
the eigenvectors is also required.

As stated at the beginning of this section, only the intramolecular spin-rotation
mechanism of spin relaxation is discussed in detail in this review, and then only the
formulae for longitudinaldecay have been presented. For most molecules there can be
several angular momenta present and then the theoretical treatment requires assessing
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which spin couplings are of how much importance in order to interpret the
experimental data. Recent work in this direction [S5] has been addressed to the data on
muon spin relaxation in molecular addition radicals. The stable radical C,H,Mu,
formed by the addition of muonium, u*e”, to ethylene, C,H,, has a muon spin I,
(unpaired) electron spin S and rotational angular momentum J, besides a number of
proton spins. On the basis that the electron’s gyromagnetic moment is about 1000
times that of the other spins, the behaviour of the electron spin should dominate the
relaxation of all spins. The muon spin is what is observed, while collisions affect only
the rotationalangular momentum. Since the proton spins play no inherent role in the
muon spin relaxation, they were ignored in that work. Still, to describe all the
operators involving the three remaining angular momenta, a reduction based on the
irreducible representations of the group C, ,was made. This was further simplified by
allowing at most terms quadratic in J. Even so, for the treatment of the longitudinal
relaxation (experimental observation of the spin along the magnetic field direction), a
35-dimensional (real) basis of angular momentum operators was needed. For the
transverse (measurement of the spin perpendicular to the magnetic field direction), the
basis was 30-dimensional, but now complex. Eigenvector solutions of the corre-
sponding kinetic equations then give respectively 35 and 30 precession-relaxation
modes for the motion of the spin system. Comparison between theory and experiment
involves finding the values of the coupling constants and collision decay rates that best
fit the experimental data. Since these quantitiesare not known a priori, the procedure
consists of a search in a multidimensional parameter space for the best fit. It was
furtherdiscovered that the eigenvector thatis responsible for the muon spin relaxation
was not the one with the slowest decay rate so an analysis of the nature of the
eigenvectors was also required. That the smallest decay rate was not what was being
observed was indicated when comparison was made between the experimentally
observed precession frequency in the experimental transverse configuration and the
oscillation predicted by theory, that is, by the imaginary part of a complex transverse
eigenvalue. The radical COMu formed by the addition of muonium to carbon
monoxide is unstable. Thus the muon spin relaxation is also affected by the formation
rate and lifetime of the radical. The theoretical treatment then requires assessing how
the spin variables are affected during the chemical formation and decay. A first
attempt in this direction has been made [57].

5. Transport coefficients

The transport of mass, momentum and energy are of obvious importance in
engineering processes. There are of course other quantities that may be transported,
such as charge or spin angular momentum. But all transport arises in general due to
a combination of convective and conductive motion. The former is due to the general
movement of the gas as a whole, whereas the conductive transport is relative to the
centre of mass of the gas as a wholeand can be thought of as associated with Brownian
motion and usually governed by a set of transport coefficients. A complete treatment
of gas transport theory is very lengthy with many facets. The classic references [58, 59]
emphasize the calculation of the transport coefficients for molecules without internal
states whereas the work on polyatomics is reviewed by McCourt et al. [60]. There are
innumerable books that describe gas kinetic theory with a variety of detail and
emphasis, a selection being [16, 61-66]. The more mathematical aspects of how the
equations of hydrodynamics are related to the Liouville equation is discussed by
Chapman and Cowling [58] but greater detail is given in [67-70]. There are also
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Green—-Kubo formulae for the transport coefficients [71]. Another facet of gas
transport is the set of problems at low density, where molecules can travel long
distances before they suffer a collision. Aspects of this Knudsen flow are extensively
covered by Cercignani [70] while some of the effects of Knudsen corrections to
polyatomic transport theory are reviewed in [60]. The discussion in this section is
limited to a review of the essential features of how internal states influence gas
transport in a simple case, drawn predominantly from [47, 72].

The transport coefficients are the linear proportionality constants for the
conductive transport of a physical property due to an inhomogeneity in the fluid (gas).
Thus in a multicomponentmixture the amount of conductive transport of each species
due to the concentration gradients of the different species is determined by a set of
diffusion coefficients while conductive momentum transport due to a velocity gradient
is governed by a set of viscositiesand conductiveenergy transport due to a temperature
gradient is governed by a set of thermal conductivities. The fluid as a whole may move
(convect) with a stream velocity v, which can carry physical properties such as
momentum and energy because the fluid itself is moving. This is the convective
transport. While not always the most useful for practical (experimental) purposes, the
conceptual separation between convective and conductive motion is based on the fact
that it is an unbalanced net force that causes mass to move, so this net mass motion
is convection. Thus the stream velocity (convection velocity) is identical to the mass
average velocity of the fluid. Conductive transport is in addition to this, having no
direct influence on or by the motion of the fluid as a whole.

It was stated in the above that the transport coefficients arise from a linear
dependence on inhomogeneities. This requires, both that the discussion is about /local
properties of the fluid and that the variation of the fluid properties from one spatial
point to another, and with time, is slow. This is usually referred to as the assumption
of local equilibrium or local thermodynamic equilibrium, LTE. Thus at any point r in
space and time ¢, the fluid is parametrized by a density n(r, ¢), a temperature 7(r, t) and
stream velocity v (r, f). In a multicomponentmixture, there must be a density for each
species together with species velocities and, depending on the system and its mode of
treatment, possibly separate temperatures for each species. From the point of the
Boltzmann equation, thermodynamic equilibrium in particular arises because of
collisions. Thus the LTE and the validity of describing the dynamics of a fluid in terms
of local quantities, requires that the molecular motion is collision dominated. This in
turn requires, for a gas, that the gas be dense enough that many collisions occur within
the range of time and space over which the fluid varies negligibly in its physical
properties. The rate at which collisions occur is in essence proportional to the product
of the density, the mean molecular (Brownian motion) relative velocity v = (87r,u/
ky T)'? and some effective cross-section o. If the gasis to be treated ideally, there is also
the condition that the second virial coefficient contributes negligibly to the equation
of state. Since the second virial coefficient can be considered proportional to the cube
of some effective molecular diameter d, this requires nd? < 1. In contrast, the cross-
section scales as the square of the molecular diameter, so LTE requires nrzd? > I/L,
where L is a typical distance over which the fluid has constant physical properties.
Grad’s [68] mathematical manner for satisfying these conditions is to take the limit
that n— oo and d— 0 in such a way that nd? is finite. This was Grad’s argument for
the validity of the Boltzmann equation, which can be interpreted as saying that the
Boltzmann equation is valid in the limit that the molecules become smaller and
smaller, while their density becomes larger and larger. In a crude sense, the molecules
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are very small but there are so many of them that they undergo lots of collisions. The
condition on L that it is so large that L > l/ncis the condition for LTE while, if this
inequality is not satisfied, then the gas is approaching the Knudsen regime.

The following discussion is limited to a one component gas where local
thermodynamic equilibrium is applicable. The density operator for such a system is
most easily expressed in terms of a Wigner function for the translational states and a
density operatorin internal states, see equation (53). This will be dominated by a local
equilibrium Wigner function—density operator

nA®

SOUr. p.t)y = ——exp [~ (p— mV,)? 2mky T]exp (— H,y [ky T), (97)

int

of the same structure as the equilibrium Wigner function-density operator of equation
(62), but whose density, temperature and stream velocity are all position and time
dependent. It is for this reason that the Wigner function is convenient, since in phase
space, the quotient of the kinetic energy operator p2/2m and the position dependent
temperature is easily carried out whereas, as operators, since position and momentum
do notcommute, it is difficult to consider how to represent such a quotient. Deviations
from this local equilibrium Boltzmann distribution are standardly treated as a
perturbation ¢,

|
fir,p,ty=fOAr,p,0)+ E[f“”(r’ p.1), ¢]‘, (98)

which in general does not commute with the internal state hamiltonian H,, so one way
to maintain ¢ hermitian, is to use an anticommutator, compare the various methods
of linearization of a perturbation to the Boltzmann density operator discussed in [73].
Since phase randomization (see the discussion following equation (76)) will cause the
density operator to be diagonal for internal state energy differences such that As/i'z >
1/1-: nnd?v for a typical mean free time 7, at ordinary pressures and temperatures
where 1/r< kg T/i”z, the only energy non-diagonalitiesof the density operator thatcan
survive complete phase randomization will be very small compared to the thermal
energy ky 7. (The basis for this assessment uses the order of magnitude values of n =
2X 10 m™?andd =~ 3X 107" m, v~ 7X 10?ms™ " at 300 K for N,.) As a consequence,
the non-commutation of ¢ and f°) can in practice be ignored. Under the same
conditions, the density operator is diagonal in states of different J magnitude.

The local gas density, stream velocity and mean particleenergy ( &> are determined
by the Wigner function-density operator according to

n=Try (f(r, p,dp, 99)
nmv, = Tt (pf(r» p.)dp, (100)
- 2
n(e>= Trn [[mevﬂ)—qL H ]/(r, p. 1) dp. (101)
J m

Note that for the energy, only the motion relative to the centre of mass is considered
since this is the motion that is associated with Brownian motion. If equilibrium
statistical mechanics is used to interpret the mean particle energy in terms of a
temperature, it is possible in principle to calculate the temperature from this energy
expectation value.
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Equations of change for these local expectation values are obtained by taking
appropriate averages of the Boltzmann equation (20) which, since there is a need to
distinguish local and non-local effects, is most conveniently expressed in terms of the
Wigner function-density operator (compare equation (53) for the matrix represen-
tation of the internal state dependence)

afl(arl: E)_{_ﬁ-Vfl(r, p)+1i[Him, l’fl(r’ p’ [)]_ — 81(277:).5 2Tr2 t deqdk
h
X [(alTlk>f,(r.p+ a— k.0 /,(r. p+ g+ k. n)<k|Q'q>
— <Q|.Q|k>f1(r, p+qg—Kk, t)fz(n p+ g+ k, l‘)<k|T—|q>] (102)

This is the rate of change for the Wigner function-density operator for molecule 1, and
has been written to retain all off-diagonalities in the internal states while limiting all
dynamical effects, in particular the collisions, to being local in space. Thus both
Wigner functions in the collision term are evaluated at the same spatial point, and
moreover at the same point in space as that used on the left hand side of the equation.
The momenta k and g can be considered as the relative momenta before and after the
collision. Finally, it should be emphasized that while f(r, p, ¢) is clearly indicated to be
a function of position, momentum and time, it is also an operator on internal states
thus beingindicated by the dualnotation of being a Wigner function-density operator.
The transition and Moeller operators also have this dual structure, having their
momentum matrix elements explicitly indicated while their internal state properties
are inherently of operator form. Equation (102) is the localized form of the Boltzmann
equation discussed in [42]. If the Wigner function-density operator is diagonal in
internal energy, this reduces to the Wang-Chang-—Uhlenbeck equation (54).

Averages of equation (102) are now taken. For the density, this gives the equation
of continuity

—= V-(nv,), (103)

having no contribution from the collision term since integrating the collision term over
p and therelation 7 = VQbetween the transition and M eller operators, imply that the
collision term reduces to the trace of a commutator, which naturally vanishes. For the
stream velocity, symmetry of the collision term between the two particles allows p to
be replaced by p+ q, which is the centre of mass momentum that commutes with the
potential and all collision operators. Thus there is no contribution from the collision
term to the rate of change of momentum density and

a"Tm[V“:— V- (nmv, v, + P), (104)
where
P=Tr, (p— mv,)(p— “)f(r,p,t)dp (105)

m

is the pressure tensor. This second rank tensor has two indices, and while symmetric
in this work, the first index refers to the direction of transport while the second index
describes the direction of the momentum which is being transported, thus P, is the
rate of transport (kg m s™1) (m?s) !in the x direction,of momentum in the y direction.
Atlocal equilibrium, the pressure tensor is given by P = nk, TU, in terms of the local
pressure P = nky T of the (low density) gas. Here U is the identity tensor, having
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components Uj, =5 Finally, using an argument similar to that for the momentum,
the rate of change of the energy density is unaffected by collisions so that

(55| vl
+ (e | |= V- nv, 5 + (&>

ot
This has to take into account the time and spatial dependence of the convective energy
density nmv: /2 and involves the (kinetic) heat flux vector

—_ - 2
qK = Trml J(p mmVn) |:(p ZWIVU) +Him :I/(r’ p’ t)dp, (107)

+P-v,+ q"]. (106)

m

which vanishes at equilibrium. These formal equations of change need to be
supplemented by expressions for P and q* in terms of n, v, T and their spatial
derivatives, in order to get a set of closed equations, namely the hydrodynamic
equations, that can be solved for the fluid’s motion. Towards that end, fluid dynamics
standardly assumes that the energy density is a property of local equilibrium, so is
determined completely by equilibrium, as is the density and stream velocity. The
Boltzmann equation can be solved, and standardly is solved, with these constraints
imposed on the solution. Thisimplies, in particular, that the equation of change for the
energy can be expressed as an equation for the change in temperature, using the heat
capacity

w

Ke>_ Zkpt Con. (108)

C, =
or 2

On removing the convective energy contribution with the help of the equations of
change for number density and momentum density, the equation of change for the
temperature is

%} VO-VT—nLCV(Pt:Vv(ﬁ— qa”). (109)
While the pressure tensor is symmetric in the dilute gas case, formally the transpose
occurs. This is important when angular momentum relaxation is important for the
fluid flow.

For a gas close to local equilibrium, the gradients of stream velocity and
temperature are small so these are a good measure of how the gas deviates from
equilibrium. From the point of view of the equations of change, this suggests that the
non-equilibrium part of the pressure tensor I = P— nk, TU and of the heat flux be
proportional to these gradients. The governing principle for the nature of the
proportionalityconstantsis the Curie principle (see in particular[45]) namely that they
have the symmetry of the local equilibrium state. This is reasonable, since the
deviation from equilibrium is being treated linearly so that the proportionality
constants are local equilibrium properties. In this presentation it is assumed that a
magnetic field can be present so the local symmetry is C .. Another way of expressing
this is to recognize that, except for the magnetic field B, the local equilibrium state is
isotropic, so that the only thing with a direction on which the proportionality
constants can depend is B. For the heat flux, which is a polar vector (thatis, q*is a
vector that is odd to parity (space inversion) while B is a pseudovector, being even to
parity), this implies that g cannot be dependent only on B, but must be linearly
dependent on the temperature gradient, namely

q“= A(B)-VT. (110)
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A(B) is the second rank thermal conductivity tensor that depends on B, whose first
index indicates the direction of heat flow while the second index is the direction of the
applied temperature gradient. IfB = 0, thenthe thermalconductivityisa scalar, A(0) =
A°U, the usually discussed thermal conductivity. The pressure tensor is second rank
so it has 9 individual components, as does the stream velocity gradient. That means
there are in general 81 proportionality constants (viscosity coefficients) connecting IT
and Vv,. Any symmetry that organizes the result can be a great simplifying feature. In
the absence of a magnetic field, the local equilibrium symmetry is that of the improper
three-dimensional rotation group O(3). It is useful, and standard to first classify the
components of IT and Vv, according to the irreducible representations of O(3). Thus
II can be written as the linear combination

II= U+ &P+ 11?, (111)

where the irreducible parts of I1, and the corresponding parts of Vv
group theory associations

have the O(3)

0>

Irreducible representation I Vv,
1-dimensional 7 V-v,
3-dimensional P VXV,
S5-dimensional ' [Vv‘)]‘z’

(112)

and are identified, for the pressure tensor II, as the scalar, antisymmetric (which is
equivalent to a vector) and symmetric traceless parts of the second rank tensor,
specifically

1
I1=—-U:II
3
” 1
P'=——¢1Il
2
) 1 a1
H‘Z’EE[I'H—H]—;U[U:H]. (113)

Similar definitionsare appropriate for the stream velocity gradient. gis the Levi—Civita
tensor, see the discussion following equation (86).

In the field independent case, the phenomenological equations relating the
components of IT and Vv are

= n,V-v, (114)
P'= mVXy, (115)
) = 21[Vv,]?, (116)

defining the bulk viscosity 7, the rotational relaxation constant n} and the shear
viscosity 1°. The antisymmetric parts only arise when angular momentum effects such
as spin relaxation are of importance. This connectionis not discussed here, but see [42,
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45, 74]. Sine P is symmetric in this review, essentially because the collision term is
treated as local, the neglect of P is consistent with this limited treatment. On
substituting these phenomenological equationsinto the equations of change, the three
hydrodynamical equations: (i) the equation of continuity (103); (ii) the Navier-Stokes
equation

av 1 0 0 +-l- 0
“e— vy, .Wv,——VP+Lvy+—=Lyv.y, (117)
ot nm nm nm
and (iii) the ‘heat’ equation
oT _ 1 -
o= Vo VT PV, = 2VAT) (118)

are obtained. This closed set of equationsis the usual starting point for most analyses
of fluid flow.

For a finite magnetic field, the symmetry group is C,, and the irreducible
representations of O(3) are reduced into those of C .. In particular the 5-dimensional
irreducible representation of O(3) reduces completely into five 1-dimensional
irreducible representations of C_, which are classified according to the weight
(eigenvalue) a; a= 5, —4,..., 5 of the infinitesimal rotation operator about the field
direction. These correspond exactly with the spherical harmonics Y, (p) if the quantity
being classified by the group was the second rank tensor [p]*?. Thus IT®® reduces to the
five quantities II>%. Except for a= 0, there is only one stream velocity gradient
classified by «, thus the phenomenological equations become, for a ¥ 0,

Mz = Zna[vvo](z,a)_ (119)

For o= 0 there are two components of the stream velocity gradient that are invariant
to a rotation about the symmetry axis, and since these can be coupled, the
phenomenological equations for these components become

20 = 2770[Vv0]‘2’“’+ (2/3)1/2 Vv,

1
{ (120)
o= (2/3)1/2 qvv‘)](z,o)_ T)vv'v()- !

All n,, as well as { and 7, are dependent on the magnetic field magnitude B. That the
two cross terms between the shear and bulk viscosities are equal is an example of
Onsager’s reciprocal relations [45, 75].

Technical note: In this review of the field dependent transport coefficients the
spherical componentsoftensors are used on the basis that such quantitiesare
more familiar to most readers, than are the irreducible Cartesian tensors [76]
which are convenient for connecting to the directions of an experimental set-
up and used in the literature of this subject. In particular, the coupling of
irreducible Cartesian tensors takes some time to properly present, and is not
done here. The consequence for this presentation is that there are a number
of factors such as the (2/3)1/2 thatappear arbitrarily introduced. These are in
fact conversion factors between the spherical and Cartesian forms for the
tensors so that the quantities entering here are consistent with those in the
literature as used in the detailed survey of [60].

The method of solving the Boltzmann equation to obtain the hydrodynamic
equationsis known as the Chapman-Enskog method (see in particular the discussion
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in [58] or [68] for the reasoning behind this procedure). A simple view is that this
method can be considered as a steady state expansion of the Boltzmann equation up
to terms linear in the gradients, attributingthe time dependence of the density operator
to be solely due to the time and spatial dependence of the density, stream velocity and
temperature. Such an expansion requires that the Wigner function-density operator be
expanded f= f19(1+ ¢) with a local equilibrium leading term and a perturbation
function-operator ¢ that is linear in the gradients. In analogy to the discussion in
section 4, the density operator will be diagonal in those energies that are of size
comparable to k, T, so in practice, /1) and ¢ can be assumed to commute.

The expansion of the Boltzmann equation requires the calculation of the time and
spatial rates of change of the local equilibrium Wigner function. Equation (64) does
this for the Wang-Chang—Uhlenbeck equation, and the only generalization needed of
that result, is removing the state label j wherever it occurs and replacing the
eigenvalue ¢ by the internal state hamiltonian H,,,. The remaining time dependences
of n, T and v are removed by using the equations of change (103), (104) and (109),
truncated to being first order in gradients. As a result, the linear in gradients part of
the Boltzmann equation can be written in what will be referred to as the
Chapman-Enskog equation

(0)
6f (r, p)_{_ﬂ_vf(o)(r’ p):f(o)(r’ p) {(

ot m

I 2C, (p=mVv)? 3\ Hu—(H,

+ (p— mv, ]2 (Vv J 24 | 2o (B Vo) 3} Hiw = M2 |G
mky T 3C,\ 2mky, T 2 C,T

(p—mV“)Z_i Hilll_<Him>)p_mvﬂ-v1nT

2mky, T 2 ko T mky T

= SN PR+ iF ) §. (121)

The perturbation enters both through the linearization of the collision superoperator
appearingin equation (102), which is expressed as the linear collision superoperator &,
and the commutator superoperator %,, of the internal state hamiltonian. At low
densities, it is only the Zeeman energy differences that are small enough that they are
not fully phase randomized, so the internal state commutator can be simplified to the
Zeeman commutator %, and of course the Zeeman energies are negligible as far as
contributing to the internal energy, so the internal state hamiltonian H,, can be
replaced everywhereitappears by therotationalhamiltonian H,, . Atlow temperatures
most simple molecules are effectively in their ground vibrational state, so vibrational
excitation can usually be ignored.

To simplify the present review, it is assumed in the following that the gas is
isothermal, so that all terms dealing with temperature and energy fluxes are dropped
from further discussion. It is also noticed that the coefficient of V-v/ is the difference
between translational and internal energies weighted with different factors such that it
is orthogonal to the total energy, see the operator in equation (101). Since it is the
divergence of the stream velocity that is associated with the bulk viscosity, it follows
that the bulk viscosity is associated with the conversion of translational energy to and
from the internal energy.

Since the collision superoperator is rotationally invariant, it follows that the
Chapman-Enskogequationscan be reduced according to the local symmetry group of
the gas, in particular according O(3) if there is no magnetic field and according to C,
in the presence of a magnetic field. It is the latter which is assumed in the following,
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while the field-free case follows as a special case. The perturbation can thus be

expanded in the C,,,irreducible components of Vv, thus

p = (= ) BE Vv |9~ BOV.v

a

(122)

0>

with tensorial expansion coefficients B~ % and B°) dependent on the local thermo-
dynamic equilibrium parameters n and 7 as well as the vector variables p—mv,, J
and B. On the basis that the different components of the stream velocity gradient are
independent, the viscosity part of the Chapman-Enskog equation separates into the
six equations

W29 = (R+iZ ) B2 (123)
2Crol 9 3 Hrol <Hrol > e .
o 2 = ——rot T rtsz |\ g (0)
[3CV(W 2) : ] (R+i% ) B (124)

Here the dimensionless momentum W = (p— mvo)/(kaB 7)'2, whose magnitude is
W has been introduced for notationalconvenience. A first order approximate solution
of these equations is to be obtained by choosing an approximate representation of
B2~% and B().

The general expansion of B2~ “ and B(®) can be considered. However, for a gas such
as N, comparison of the theoretical predictions with the experimental field and
pressure dependence of the viscosity, shows thata good approximation is obtained by
limiting the expansion to

o) P o—a o—a % . é Hrol_<Hrol>
B(2 )_b{;, )[W](z, )+b(l§, )I: (Wz_ )_7]

3 2 Cii T
+ b?é' a[J](z,— )4 z (— 1)Mng,’—ﬁti)[W](z,ﬁ)[J](z, 7) (125)
By
2 . 3 Hro - <Hrol> <
BO) = po|=| ppa_=| oty — Do) Wiz-h
s [3( 2) T %( ) b8 4 IW]
+ z (— 1)ﬁ+7bg)’m[W](2,ﬁ)[J](2, " (126)
By

with the by~ as constant coefficients (for a fixed n and T) for the four function-
operators @,,. Several aspects of the notation and choice of expansion terms deserve
comments. The notation for the expansion coefficients by is not standard, but
sufficient and descriptive for the present purpose, with p and ¢ denoting the tensorial
orders in W and J, respectively. The two leading terms in each expansion are
independent of the directions of J and have the same form as the ¢ independent parts
of the Chapman-Enskog equations. They determine the major contribution to the
field-free viscosity coefficients. It is to be noticed that no terms in the expansion
contribute to the local average density, stream velocity or energy density, equations
(99)-(101), a requirement of the Chapman-Enskog method of solution. The added
terms are J direction dependentand are affected by the magnetic field to determine the
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field dependence of the viscosity coefficients, namely the Senftleben—Beenakker effects
[72]. There is a question as to whether only the angles of J should appear in the
tensorial terms, rather than the whole vector J, since the form listed above gives a very
large weighting to large J magnitudes, but since this does not affect the qualitative
picture which isemphasized here, thisdetail will be ignored. Experimentally it has been
found that the field dependence of the viscosity is small, being typically of the order of
lessthan 1 %, thusthe J dependentterms are expected to be of small magnitude so they
can be treated in a perturbative manner.

The, in general field dependent, transport coefficients are determined by the scalar
expansion coefficients »'® according to

1 e
.= Jnky ThH2 (127)
— % (0)
Nv— 3”kBT D (128)
3\1/2 2\1/2 )
(= |3] mhaT0G = (3] nkaTHE. (129)

Matrix elements of the six Chapman-Enskog equations with respect to the
operators in equations (125) using the above form for the perturbation ¢ gives four
equations for each B®~% component, namely

1 o V> [20)
=2n2<v>®(20)b;§’ ’+—6(02)b‘2’ ’

(2N )12
2 35
v (35
12

2 20 2 2 2
(2,-a)
2N )P ) (22)%(a P y)bﬂ"”
)

1/2
S
_ vy (0 1
0_(2N_,)1/2®(20 bz + (n2<v>®(02)+maw,)b
1/2
S
12

> (35\E (02 (2 2 2\
+N.,<2>”2( ) (22)%(a 5 y)bﬂ"”
_ n%{v> £1/2® 22\ (2 2 2 bl
2N )2\ 12 20/\a B ¥

J

n%(v> 2C, 22 B (2’_(1)
+(2N.,)1/2(3cm) ( )( D73
Lo (3s\ 22\ (2 2 2)

N,2)2\12 2fla p 57

(n2v>S(22)— inyw,) b2

02

a,ﬁy

2N

. \'"_(p 2C
0= n? — S -1 ﬁb 2-a) 4 Y
" <V>(3cml N ) (22)2( AT

n2(v>S (D)2~ (130)
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Here the [J]'? normalization factor is (for a diamagnetic diatomic)

1
I Trio [J1?:[J]% exp (= Hoo [k T) /5Tr o exp(— Hyo [k T)
J

= 2 (2j+ 1D)jG+ DA+ D= 3]exp (= jGji+ 1) 21k, T)

J

/302(2j+ D exp (= j(j+1)/21ky T) (131)

while the Zeeman superoperator % , gives rise to the o, terms and the kinetic, that is,
thermally averaged, cross-sections

ik 1 ]
S (Jfk,) = T 0 A (132)
determine the amount of collisional coupling that occurs between the normalized
versions @, @ of the operators labelled by jk and j’k”. S(jk) is the diagonal version
of this, corresponding to the collisional relaxation of the jk operator. Except for the
‘D’ operator, all operators are components of tensors so that the rotational invariance
of AR restricts what coupling cross-sections can occur. This has been taken into account
in the above and is responsible for the presence of the 3j-coefficients

(2 2 2)

a By

On the basis that all cross-sections’ coupling velocity and angular momenta are small,
the only relaxation cross-section associated with ‘22’ that has been retained is the one
which treats the tensorial nature of the collision as if there is no coupling between the
velocity and angular momenta. This has been labelled as &(22). Again, on the basis
that the coupling cross-sections are small, these equations can be solved for bfj"“’ and

b2~ to at most second order in the coupling cross-sections. The results of these
solutions determine 7, and {according to equations (127), to give

_ kT | S @)’ 1
== Green| e 02) 1+ i, 1,
358 (2)? 2 2 2\
+12®(20)®(22)% a B vy 1-iyo, 1, (133)
and
_ (BCa|t_kTE@ISE 5 .22 2 I
¢ sc. | (wecnemeen= "o g —plivipe,r,

1/2 D 2 272 3T
_ 0(3Cv) @({,,)6(9()) |: 86{)_,‘[,,) _ CL)JTi, :| (134)

v 4C, SR0S(22)|1+4w? 1—2 1+ w? sz

Here l/rjk = n{v>& (jk) is the relaxation rate for the operator associated with jk. It is
clear that the cross effect { vanishes at zero field. The magnitude of {is in agreement
with the original publication [72] while there seems to be a typo in the general review
[60].



17:01 21 January 2011

Downl oaded At:

Relaxation and transport of molecular systems in the gas phase 221

The three equations for the components of B®) are

Cv b < 3Cv 12 D

0=n%v _C g -1DPfs, b+
<>3cmlzv (= D765 ,b5

n2{v> 22 21/2 e 2 2 2 (0)
+2(N_,)1/2®(20)(12) 2( b (—a B y)bzo’a

a

o n2(v> (20 g (22 2
<v>®(20)bma 2(N_,)1/2®(22)(12) %( 1) y( Y s y) ) (135)

aﬁy

2]1\/_, (nXv>S (22)— inyw,) b2

With the same type of approximations, these determine {as given above, as well as the
bulk viscosity

_ 2Cu kT TR D —— 2 CGr 136
T30S (D) 1+ 0372, 1+40%12)S(22)S (D) (136)

The field dependence of all these viscosity coefficients arise through combinations
of the form o, 7, B/P. Thus experimentally the various viscosity coefficients are
appropriately expressed as a function of B/P, the ratio of field to pressure. The ratio
;7 is exactly the ratio of the precession frequency to the collision frequency. Thus if
thisratio is large, there are many precessions between each time a molecule collides. As
a consequence, when the molecule does again collide, the angular momentum has been
randomized in direction and this eliminates such terms from contributing to the
momentum transfer, compare the discussion relative to equation (76). At zero field all
shear viscosity coefficients 17,are equal, having adominantcontributionfrom the [W]®
component of the perturbation function ¢ plus, within the approximations presented
here, small contributions from the [J]'? and [W]® [J]®components. As the field
increases, the latter are phase randomized, so their contributionsdecrease. That is, at
large fields the viscosity coefficients are smaller than at zero field. The bulk viscosity
hasthesame type of behaviour. It needs to be stated that thisis the behaviour for many
molecular systems, but if operators dependent on odd powers of J are important, as
is usual for molecules with permanent dipoles, then the behaviour can be different.
Paramagnetic molecules such as O, have a more complicated behaviour because the
large gyromagnetic ratio of an electron spin means that the precession of the spin can
couple with the rotationalangular momentum and significantly influence the detailed
nature of the field dependence [77, 78].

Inherently the viscosity is the resistance to flow and depending on the geometry of
the apparatus, different viscosity coefficients can, and have, been measured, see [60] for
a comprehensive review. Again, flow involves the stream velocity, and viscosity has to
do with how the molecular velocity distribution differs from a local equilibrium
Maxwellian due to a non-uniform stream velocity. Thus the main contribution to the
(shear) viscosity is due to the decay of the directional, in particular the [W]?,
dependence of the velocity distribution function. For neutral molecules, a magnetic
field does not affect the velocity of a molecule so for the field to influence the viscosity,
there must be a coupling to the rotational motion of the molecule. Since this can not
occur intramolecularly, it must arise via collisional coupling. It is the presence of the
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resulting non-equilibrium angular momentum part of the density operator that is
responsible for the field effects. This necessarily involves collisional coupling from the
velocity directions to the angular momentum directions and back again, thus the
requirement that the Senftleben—Beenakker effects be quadraticin ‘production’ cross-
sections. As well, the ‘relaxation’ cross-sections that cause the decay of the angular
momentum and velocity non-equilibrium contributions also appear. It is noted in the
above that the coupling between shear and bulk viscosities requires the density
operator to have aspects of non-equilibrium that simultaneously involve the directions
of both velocity and angular momentum, specifically in the above presentation, the
operator [W]®@[J]). It is only because this operator can have a scalar (rotationally
invariant) component that it allows a coupling to the scalar energy difference operator
that determines the bulk velocity.

6. Discussion

This review has attempted to describe the basic theoretical concepts governing
relaxation and transport of molecular systems in the gas phase with an emphasis on the
role of internal states. Necessarily, the author’s bias hasinfluenced what is emphasized
and discussed, as well as space and time constraints. Anything to do with the decay to
equilibrium is naturally associated with an increase in entropy whereas a mechanical
system conserves entropy. This review’s coverage of this reversibility—irreversibility
paradox thus started with a review of the constancy of the N-molecule entropy for a
N-molecule mechanical system. The approximate evolution for a dilute gaseous
system that leads to irreversibility is governed by the Boltzmann equation. Section 3.1
presented two methods for the ‘derivation’ of this equation for molecular (quantum)
systems while section 3.4 showed how the combination of intramolecular and
collisional motion described by the Boltzmann equation implies that the 1-molecule
entropy increases until equilibrium is reached. Section 3.5 commented on the
contrasting natures of the meanings and properties of these two different entropies.

The Boltzmann equation is simple in concept, namely the description of the time
dependence of the distribution of molecular states caused by collisions and the free
motion of molecules between collisions. But the quantum version has a number of
complex technical aspects that are important for some applications, yet appear to be
irrelevant for other applications. These complexities are associated with the inherent
quantum property of superposition, which is reflected in the fact that the molecular
density operator, expressed as a matrix using an energy parametrized basis, is in
general non-diagonal. These can lead to oscillatory time dependent contributions
associated with the motion of the molecules between collisions. The collisional
treatment of such energy non-diagonal terms requires a careful treatment of all the
differing energies that enter into the collision superoperator. This has been reviewed in
section 3.2, both in general and for the special case when the collisions are ‘on-the-
frequency-shell’, a case that is often found in practice. In that case the collision
superoperator reduces to a simple form. Section 3.3 discussed the further simpli-
fications when the density operatoris diagonalin both internal states and momentum,
and its extension to allow position dependence with the assumption that collisions
are spatially local. It was stressed in section 3.4 that the approach to equilibrium
is governed in all cases by a combination of collisional motion which drives diagonal-
in-energy elements of the density operator to a Boltzmann distribution, while the
non-diagonal-in-energy terms are eliminated by a process of phase randomization,
caused by the (free) motion of the molecules between collisions.
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Two applicationsofthe general decay have been presented. Section 4 presented the
theory of spin decay in the presence of a magnetic field when the decay is dominated by
an intramolecular mechanism. Section 5 described the calculation of the set of shear
and bulk viscosities and their cross effect in the presence of a magnetic field. These
applications illustrate the two limiting cases discussed in section 3.4, and involve a
combination of the effects of precession and collisional motions. While the particular
mechanism for spin relaxation discussed depends on an intramolecular coupling
between the spin and the rotationalangular momentum for there to be any relaxation,
the field dependence (Senftleben—-Beenakker effects) of the viscosities requires an
intermolecular (collisional) coupling between velocity and angular momentum
components of the density operator.

There are many aspects of kinetictheory which have not been touched upon in this
review. The whole area of gas flow according to particular geometries and conditions
have not been covered. Usually these can be described using the hydrodynamic
equations (103), (117) and (118), supplemented by a set of diffusion equations when
the gas is a chemical mixture. But when the gas has large spatial inhomogeneities such
as in a shock wave, or the gas is so dilute that the gas is not dominated by collisions
and local equilibrium is not a valid first approximation for the density operator, then
it is necessary to go back to the Boltzmann equation and solve it by alternate methods.
A recent introductory coverage of these topics for a reader interested in applications
is the book by Gombosi [65], while a more rigorous coverage is found in the books by
Cercignani [69, 70]. The molecular treatment of the physical properties of interstellar
gases and the upper atmosphere also require special treatment [79]. Measurements of
the field effects at very low density where surface effects are important are reviewed in
[60]. If a chemical reaction is very fast, then the velocity distribution of the reactant
may be driven out of equilibrium. This has been a problem with a long history of
interest. Hot atom reactions are a particular case [80].

Anothertopicthatisvery closely related to the general properties of the Boltzmann
equation with inclusion of internal states is the absorbtion and emission of radiation
and the pressure broadening of spectral lines. Initial formal connections for simple
cases [81]and modelcollision kernels [82]have been made. Recently M onchick [8§3] has
made a detailed comparison of Fano’s line shape theory [38] with the properties of the
Boltzmann equation. While they share the same frequency parametrized transition
superoperator, equation (33), the frequency parameter is the observed frequency in
line shape theory, whereas it was stressed in section 3.2 that the Boltzmann equation
requires this parameter to be the free particle frequency on which ./ acts. A common
approximation ignores this difference for the calculation of line width cross-sections,
which often leads to reasonable agreement with experiment [39, 84]. But an
understanding of the detailed shape of the wings of a spectral line appears to need the
more precise treatment.

Much of the modern discussion of the theory of transport coefficients is phrased in
terms of time correlation functions [71]. But for gas phase applications, it is well
known that the numerical evaluation of the time correlation function reduces to
solving an integral equation which is equivalent to the corresponding Chapman—
Enskogequation. Such connectionshave not been discussed here. An advantage of the
Boltzmann equation approach, is that it makes a direct connection to the time
dependence of the gas a whole by which an assessment can be made whether or not the
flow is collisionally dominated and the hydrodynamic equations are valid, or whether
a more general description of the flow is needed.
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